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Abstract 

We develop a notion of cell decomposition suitable for studying weak p- 
adic structures (reducts of p-adic fields where addition and multiplication 
are not (everywhere) definable). 

1 Introduction and first definitions 

Results for real fields have always been a big source of inspiration for the study 
of p-adic fields. An example of this is the concept of o-minimality, see e.g van 
den Dries |15j . which inspired Haskell and Macpherson [5] to develop a similar 
concept, P-minimality, for p-adic fields. A difference between those concepts is 
that o-minimality also covers reducts of real closed fields, see Peterzil (TU1 IT5I IT!?] . 
while P-minimality focuses on expansions of the language of valued fields. To 
fill this gap in the study of p-adic fields, we need to consider reducts (K, C) of 
(K, £ring)j where K is a p-adically closed field, and the ^-definable subsets of 
K are exactly the £ r i ng -definable (semi-algebraic) subsets of K. 

A first step towards understanding such structures is to describe the bound- 
aries of our 'playing field': identify the relations and functions that, as a bare 
minimum, would have to be definable in such a structure. In our paper [2], we 
concluded that any reduct of (K, £ r i ng ) where the relations 

Rn,m(x, y, z) <-> y — X G zQ n ^ m 

are definable, would fit inside this framework. The sets Q n ,rm which for K = Q p 
can be denned as Uk£i,p kn (l +p m 1 p ), are a variation on the sets of n-th powers 
P n that one encounters in the study of p-adic semi- algebraic sets. A more 
general definition will be given in section 11.11 

Now that we know which structures we want to consider, the second step will 
be to describe their definable sets. Historically, cell decomposition has proved 
to be a very useful tool in studying definability questions. Examples include 
o-minimal cell decomposition in the real case, and Denef's cell decomposition 
for p-adic semi-algebraic sets, which can be stated as follows: 
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Theorem 1.1 (Denef, pUd]) Let K be a finite field extension of Q p . Any 
semi- algebraic set X C K k+1 can be partitioned as a finite union of cells of the 
form 

{(x, t) G D x K | ordai(ir) H\ ord (t - c(x)) D 2 orda 2 (a;), t — c(x) e AP„}, 

where D is a semi- algebraic subset of K k and c(x),ai(x) are semi- algebraic 
functions. 

Among other applications, Denef used this result to give a new proof of Mac- 
intyre's quantifier elimination result [9]. The result was also important for 
Mourgues result on P-minimal cell decomposition. 

In [2J, we showed that the relation D^'(x, y, z) <H> ord {x — y) < ord (z — y) 
is definable in the language Cm := {{R n ,m}n,m)- Because of this, cells C C K 
are £M-definable, which is what we wanted. However, to get a language that 
is more convenient to work with, we will replace by the slightly stronger 
relation D^ 4 ' , defined as 

(x, y, z, t) <H> ord (x — y) < ord (z — t). 

The resulting language £dist = {D^\ {R n , m }n,m) is strictly stronger than Cm, 
as there are sets which are £dist-definable, but not ^M-definable [5]. 

Our definition of cells is inspired by Denef 's p-adic cells, but with some modi- 
fications, the first being that we use the sets Q n ,m instead of the usual P n - A 
second difference is that we will only require the relation ordai(x) < ordi to be 
definable, and not necessarily the function ai(x) itself. This change is motivated 
by the observation that the function (x, y) <— > x — y is not necessarily definable 
in all languages that contain a symbol for the relation Z)' 4 '. We will call this 
weak cell decomposition as opposed to (strong) cell decomposition results that 
only use definable functions. 

While working on the cell decomposition results presented in this paper, we 
noticed that many of those results were valid for a much wider class of fields 
than just p-adically closed fields. In particular, we do not need to assume that 
the field is henselian, and our results will work in any characteristic. For this 
reason, even though our original motivation was the study of p-adically closed 
fields, we present our results for (F g , Z)-fields: valued fields with residue field 
isomorphic to ¥ q and value group elementarily equivalent to Z. So this paper 
is really about cell decomposition techniques for expansions of (K, £dist), where 
K is an (F ? , Z)-field. 

Let us now give a brief overview of the contents of this paper. We first ex- 
plain the ideas behind the sets Qn im in section II. II and then give a formal 
definition of our concept of cells in section 11.21 In section [5J we state some cell 
decomposition results valid for all expansions of £dist, and we show how these 
results can be used to study the language £dist itself. 
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In our definition of cells, we made a distinction between weak and strong 
cell decomposition, depending on whether or not the functions used were de- 
finable. In section [3] we investigate the definable functions of structures that 
admit weak cell decomposition. In particular, we will focus on the existence 
of definable Skolem functions. The reason for this is a result by Mourgues for 
P-minimal fields, stating that a structure has (strong) cell decomposition if and 
only if it admits definable Skolem functions. When restricting our attention to 
p-adically closed fields, and under the assumption that multiplication by a suffi- 
cient number of scalars is definable, we can obtain a similar result for expansions 

Of £dist- 

However, this result is not as strong as it seems to be. In P-minimality, re- 
quiring the existence of definable Skolem functions is a relatively minor assump- 
tion, as there are no known examples of structures that do not have such func- 
tions. For the weaker structures we study, we get a different picture: (K, Ajist) 
itself is an example of a structure having no definable Skolem functions. So 
the really interesting questions are whether or not every expansion of (K, Aiist) 
admits weak cell decomposition, and under which conditions a structures would 
have definable skolem functions. 

At this time, we cannot answer the first question, and we can only give 
a conjecture for the second question. In o-minimality, it is known that any 
structure where addition is definable, has definable skolem functions. Based on 
the structures we have studied, our guess would be that an expansion of £dist 
probably has Skolem functions if addition and sufficient scalar multiplication is 
definable. While we cannot give a proof for this, we have strong indications that 
structures where these requirements are not satisfied can never have definable 
Skolem functions. Section |4] provides an example of a structure where we have 
full scalar multiplication, and where addition is definable on large open sets, 
but which still does not admit definable Skolem functions. 

The expansions considered in this paper are still very basic. Adding a symbol 
for either addition [7J or (restricted) multiplication jS] is also possible, but for 
this we refer to [7J and |S]. 

1.1 Definition of the sets Q n , m 

The field of p-adic numbers admits elimination of quantifiers in the language 
£iiac, which is the ring language, extended with predicates P n for the sets of 
n-th powers. Note that by Hensel's lemma, any x £ Q p can be written, using a 
sufficiently large r £ N, as x = A • u, with u G (1 + p r ^p) H P n , so that cosets 
XP n encode certain information concerning the value group and the angular 
components of their elements. This is essentially the reason why this language 
admits elimination of quantifiers. 

However, this only works because Q p and other p-adically closed fields are 
Henselian. In general, additive-multiplicative congruences (amc-structures) , as 
proposed by Basarab and Kuhlmann [TJ [6] are necessary to obtain quantifier 
elimination in a definitional expansion of the valued field language. Amc- 
structures are quotient groups K x /(l + I), for ideals / C Ok (where Ok is 
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the valuation ring of K). For example, if / = Mk-, the maximal ideal of 
Ok i then the corresponding amc-structure encodes information about the value 
group and the angular component modulo 7r. 

We propose to use a variation on amc-structures, that encodes similar infor- 
mation as the sets P„, even when Hensel's lemma does not hold. In particular, 
we will consider the following class of fields. 

Definition 1.2 Let ¥ q be the finite field with q elements and Z the ordered 
abelian group of integers. We define a (¥ q ,Z)-field to be a valued field with 
residue field isomorphic to ¥ q and value group elementarily equivalent to Z. 

Fix a (F g , Z)-field fix an element ttk with smallest positive order, and write 
Mk for the maximal ideal of the valuation ring Ok of K. For each integer 
n > 0, let P n be the set of nonzero n-th powers in K . For each m > 0, we will 
define sets Q n ,m using angular component maps. The following lemma shows 
that such maps exist and that they can be defined in a unique way. 

Lemma 1.3 For each integer m > 0, there is a unique group homomorphism 

ac m : K" (O k modx%) x 

such that ac rn (7TK) = 1 and such that ac m (u) = u mod (ttk)" 1 for any unit 
u e K - 

Proof. Put N m := (q - Vjq™- 1 and let U be the set P Nm ■ O k . Note that K x 
equals the finite disjoint union of the sets ir K ■ U for integers I with ^ I ^ 
N m — 1- Hence, any element y of K x can be written as a product of the form 
n K x N ™u, with u G O k , I G {0, . . . , N m — 1}, and x € K x . 

Since ac m is required to be a group homomorphism to a finite group with N m 
elements, it must send PN m to 1. Also note that the projection Ok — > Ok mod 
7r^ (which is a ring homomorphism), induces a natural group homomorphism 
p : O k — > (Ok mod 7r^) x . Now if we write y = ir e K x Nm u, we see that ac m 
must satisfy 

ac m (y) =p(w), (1) 

which implies that the map ac m is uniquely determined if it exists. Moreover, 
we claim that we can use ([I]) to define ac m . This is certainly a well defined 
group homomorphism: if one writes y — ir K x Nm u for some other u G O k and 
x G K x , then clearly p(u) = p(u). It is also clear that this homomorphism 
sends kk to 1 and satisfies our requirement that ac m (u) = u mod (kk)" 1 for 
any unit u G Ok- D 

Using these angular component maps, we can define sets Qn.m,-, for any m, n > 0, 
as follows: 

Qn,m ■■= {x G P n • (1 + M"k) \ &C m (x) = 1}. 

Note that Q n ,m is an open subgroup of finite index of K x (for the valuation 
topology), and that Q n . m is definable in the language of valued fields (+, — , •, |) 
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by the above construction of ac m . For example if K = Q p , then Q n . m is just 
thesetU fceZ p kn (l+p m Z p ). 

For any element X € K, let AQ„ >m denote the set {Xt \ t e Q n ,m}- We will 
sometimes use the alternative notation p n . m (x) = A to express that x G AQ„. m . 
The relation between p n , m (x + y), p n .m{x) and p n , m (y) is investigated in the 
lemma below (the proof is left to the reader) . 

Lemma 1.4 Put 5 G { — 1,1}. Suppose that p n , m {a) — X and p n , m {b) — p, then 
Pn,m(a + 5b) equals 

X if to + ord a ^ ord b, 

Pn,m{X + 5pn rn ), with rn = ord (^) if — m + ordfe < orda < ord6, 
Pn.m{^ + 5p) if ord a = ord b = ord (a + 5b) . 

1.2 Definition of weak p-adic cells 

Let K be an (¥ q , Z)-ficld. As stated in the introduction, we will be working 
with functions / : K k — > K for which the relation 

ord/(x) < ordi 

is definable for all (x,t) G K k+1 . We call these order- definable functions. Note 
that / is not required to be a definable function. However, the following relations 
are always definable if the relation orda; < ordy is definable in our language: 

Lemma 1.5 Let C be a language where the relation D^ 2 \x, y) :— ordx < ordy 
is definable. Let ai(x),a2(x) be two functions K k — > K that are order- definable 
in C. The following relations are definable: 

(1) ordx < ordy + k, for any k G Z; 

(2) ordai(a;) □ ordi; 

(3) ordai(a;) □ ord a-i (x) + k, for any k G Z; 
where □ may denote <, ^, = , ^ or >. 

Proof (1) For k < 0, the relation ord.x + k > ordy is equivalent with 

(3ui) . . . (3u_fc)[ordx > ordui > ordu 2 > . . . > ordii_fc > ordy]. 

For k > 0, it is equivalent with 

(V?ii) . . . (Vitfc) [(ordx < ordui < . . . < ordit^) — > ordit^ > ordy] . 

(2) For example if □ denotes '=', we can define the relation ordai(x) = ordt as 
-i(ordcti(a;) < ordt) A (Vu)(ordt < ordw — > ordoi(a;) < ordu). 
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The other cases can be derived from this. 

(3) The relation ordai(x) < orda2(x) is equivalent with 

(3t)(ordai(x) < ordt A ord 0(2(2;) = ordt). 

The rest can be derived from (f) and (2). □ 
For our notion of cell decomposition, a p-adic cell will be a set of the following 
form. 

Definition 1.6 (p-adic cell) Let C be an expansion of (D^ 2 \{R n ^ m } n ^ m ). For 
each k > 0, let Afc be a collection of (not necessarily C-definable) functions 
K k -> K, and put A = U fc A fe . 

An (C, A)-precell in K k is a set {x G K k \ (f>(x)}, where (f>(x) is a boolean 
combination of relations of the forms 

ordai(x) < ord 0,2(2)+^, and b\{x) — b 2 (x) G \Q n ,m, 

where the a,i(x) are functions in A&, £ G Z and the bi(x) are quantifier free 
definable functions for C. 

A (p-adic) (C, A)-dcfinable cell C^(ai,a2,X) Q K k+1 is a set of the following 
form: 

{(x, t) G D x K ordai(x) Di oidt — c(x) D 2 orda 2 (x), t — c(x) G \Q n ,m}, 

where A G K, D is an (£, A)-precell in K k , denotes '< ' or 'no condition', 
and the di(x) are functions from A&. We call the function c(x) the center of 
the cell and we require c(x) to be a quantifier free definable function for C. 

Definition 1.7 Let C be a language expanding (D^ 2 \ {R n ,m}n,m), and K an 
(Fq,Z) -field, which we consider as an C-structure. 

We say that C allows cell decomposition (with definable centers) in K if there 
exists a set of functions A such that for every k G N, any C-definable subset of 
K k+1 can be partitioned into (C-definable) p-adic (C,A)-cells. More specifically, 

• The decomposition is strong if every f G A is C-definable. 

• The decomposition is weak if every f G A is order- definable for C. 

The languages we study in this paper only allow weak cell decomposition. 
Cell decomposition for semi-algebraic sets and semilinear sets are (after a few 
straightforward adaptations) examples of strong cell decomposition. 

2 Cell Decomposition results 

Let £ be a language expanding the language £dist (which we defined in the 
introduction). Every boolean combination of weakly ^-definable cells can be 
partitioned into a finite number of weakly ^-definable cells. This is an easy 
consequence of the following theorem. 
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Theorem 2.1 Let £ be a language expanding Cdist- Let A be a collection of 
functions that are order- definable in C Let A\, Ai be (C, A) -definable cells with 
centers c\, resp. e 2 . The intersection A\ n A 2 can be written as a finite union 
of disjoint weak C-cells A each of which has a center which is a restriction of 
either C\ or c 2 . 

Proof. By partitioning C\ and C 2 further if necessary, we may suppose that 
they both use Q n ,m with the same positive integers m, n, that is, that Cj is of 
the form 

{(x,t) G Di x K |ordaii(x) D u ord(i-Cj) D 2i orda 2i (x), t - c\ G XiQ n ,m} 

for i G {1,2}, where the symbols have their meaning as in Definition II .61 Using 
Lemma 11.51 we can find a finite partitioning of C\ in cells with the same center, 
such that on such a cell one of the following conditions holds for k = 1 + m + 
n + j—i 2 l^ij I an d some integer l\ with — k < l\ < k. 

ord(t — ci) > ord(c 2 - ci) + k, (I)fe 
ord(i — ci) < ord (02 — ci) — fc, (II)fe 
ord (t - ci) + £1 = ord (c 2 - ci). (III)^ 

Hence, we may suppose that one of these conditions holds for C\. Note that 
(I)/c and (II) imply respectively 

ord (t — C\) > ord (c 2 — c\) + k = ord (t — c 2 ) + fc, (i)fe 
ord (t — c 2 ) = ord (i — c\) < ord (c% — c 2 ) — k. (ii)fe 

If (Vjk holds on Ci, put 

W — {x ^ D 2 I ordai 2 (a;) n 12 ord (c x - c 2 ) D 22 orda 22 (x)}. 

Then one has, if C\ PI C 2 is nonempty, that 

d nc 2 = x if) nCi, 

which can easily be seen to be a finite disjoint union of (£, A)-cells of the 
desired form. If (II)fc holds on C±, then we may suppose, up to partitioning 
C 2 , that (II)fe holds for all (x,t) € C\ and all (x, t) G C%. Also, we find that 

Pn.mif c l) = Pn,m 

(t - c 2 ), so either C\ n C 2 is empty or C\ n C 2 consists of 
all points (a;, f) € (Di (~l D 2 ) x K satisfying the conditions 

maxjorda-wfa;)! < ord — ci) < min{orda 2 i(a;)i, 

iei i=l,2 

and 

i — c l G -^lQn.m, 

where 7 consists of i such that On is the condition <, and where the maximum 
over the empty set is — 00. We know by Lemma 11.51 that relations of the form 
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ord ciij < ordajfc are definable. It is then easy to see that C\ fl C 2 can be parti- 
tioned into a finite number of disjoint (£, A)-cells, which finishes the proof for 
this case. 

We may suppose by symmetry (that is, up to reversing the role of C\ and 
C2) that, if (III)^ holds on C\, then also 

ord(<-ci)+£i = ord(c 2 -ci) = ord (t-c 2 )+ £2 (iii)< 

holds with I = (Ix.in) and —k<i 2 < k. Suppose again that C\ fl C 2 is 
nonempty. If one now fixes the residue classes of c 2 — c\ and of t — c± modulo 
Q2kn,2kn, then the conditions 

ord (c 2 - ci) = ord (t - c 2 ) + i 2 and t - c 2 G A 2 Q„ im 

follow automatically from oid(t — c\) + t\ = ord (c 2 — Ci). (The exact rela- 
tions are described in Lemma rOl ) Hence, one can easily partition C\ n C 2 into 
finitely many (£, A)-cells. □ 

One of our main motivations for using cell decomposition is because it is a very 
useful tool for quantifier elimination. An example is Denef 's proof of quantifier 
elimination for semi-algebraic sets 0]. The following lemma, which is closely 
inspired by this paper, will be used quite often. 

Lemma 2.2 Let C be a language expanding {D^ 2 \ {R n ,m}n,m)- 
Let Cj?(ai, a 2 , A) C K k+1 be a weakly C-definable cell. Suppose that for every 
I G N, the set {x G K k | ordai = I mod n} can be partitioned as a finite union 
of precells C K k . Then the projection 

P := {x E K k I 3t : (x,t) G C c D ( fll , a 2 , A)} 

can be partitioned in a finite number of precells. 

Proof. Note that P is in fact equal to the following set: 

P = {x G D I 27 G Tk ■ ordai(a;) < 7 < orda 2 (x), 7 = ord A mod n}. 

Thus P is the set of all x G D satisfying 

ord [a^X- 1 ] ord M^A' 1 ] 

=17 G 1 k ■ < 7 < . (2) 

n n 

Now if ordai(x)A _1 = £ mod n, for ^ C < n i then condition @ is equivalent 
with ordai(a;)A _1 + n — ( < orda 2 (x)A~ 1 , which can be simplified to 

ord di (x) + n — £ < ord 0.2 (x) . (3) 

This completes the proof, since D is a precell, ([3]) is a precell condition and by 
our assumption, the set {x G K k | ordai(a;)A _1 = £ mod n} can be partitioned 
as a finite union of precells. □ 
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2.1 Example: the language £dist 

We will now use the results from the previous section to investigate the language 
£dist- More specifically, we will show that the definitional expansion 

^dist : = ({ D k }k&, {Rn,m}n,m), 

where 

(x, y,z,t) <-> ord (x — y) < ord [z — t) + k, 
admits elimination of quantifiers for any (¥ q , Z)-ficld. 

Definition 2.3 We call a polynomial f(x) 6 K[x%, . . . , Xk] an Cdist- polynomial 
in variables {x\, . . .Xk} if f(x) has one of the following forms 

f(x)=a, or f(x)=ir k (xi~a), or f{x)='n k {x i -Xj), 

where a € K, fceZ;l^!,j^t 

An £(ji st -cell will be a p-adic cell with the following specifications. 

Definition 2.4 Let Adi S t,k be the set of all Cdist-polynomials in k variables, 
and put A dtst := U k ^o A dts t,k- 

An Cdist-cell C K k+1 is an (Cdist, A dist)- definable cell C K k+1 for which the 
center c(x) is either a constant from K or one of the variables x%, . . 

It is an easy consequence of Lemma 11.51 that £distr polynomials are order- 
definable functions. Therefore the following holds for £dist-cells. 

Proposition 2.5 Let A\, A2 be Cdist- cells with centers c\, resp. c 2 . The 
intersection A\ PI A2 can be written as a finite union of disjoint Cdist-cells A 
with as center a restriction of either c\ or C2 ■ 

Proof. This follows from Theorem 12. II □ 

Proposition 2.6 The language C' dist admits elimination of quantifiers for any 
(F„Z) -field. 

Proof. It is clear that any £dist-cell (and any £dist-precell) is quantifier free defin- 
able in £ d ist- Moreover, for any £dist -polynomial f(x), the relation ord/ (x) = I 
mod n can be partitioned in a finite number of precells. (Indeed, this rela- 
tion can be written as a finite disjunction of relations x^ — a G ^Q n ,m or 

Xi Xj £ ^-Qn.m-) 

Since the requirements of Lemma 12.21 are satisfied, it is now sufficient to show 
that any set that is quantifier free definable in C' dist can be partitioned as a 
finite union of £dist-cells. 

By Proposition 12.51 we only need to check that the sets (and complements 
of these sets) 

{x e K k I D { r 4 \gi, g 2 , £3,54)} and {x E K k \ R rlim (gi, g 2 , 53)}, 
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with gi{x) G {xi, . . . ,Xk} U K and r S Z can be partitioned as a finite union of 
£ d ist-cells. 

The fact that R ntm (x,y, z) is equivalent to 

Y R n . m (x, y, A) A R n ,m(0, z, A), 
[A]eA„, m 

implies that {x 6 if 3 | R n ^ m {x, y, z)} can be written as a union of £dist-cells, 
by Theorem 12.11 The complement of this set can also be written as a union 
of disjoint £dist-cells, since {{x,y) £ K 2 | -iR n . m (x,y, X)} can be written as a 
finite union of (disjoint) sets of the form {{x,y) £ K 2 | R ntm (x,y 7 /i)}. 

To complete the proof it suffices to check that the set 

A := {(x,t) e K k+1 | ord(t-ci) < ord7r"(i - c 2 )}, 

with c\ 1 c 2 G {xi, . . . , Xk} U K, can be partitioned as a finite union of cells. We 
may suppose that ci ^ C2. Partition K k+1 in the following way: 

K k+1 = {{x, t) S K k+1 | ord (t-a)> ord (d - c 2 )} 

U {(x, i) S I ord (t - ci) < ord (c x - c 2 )} (4) 

U {(a;, i) S | ord (t - c x ) = ord ( Cl - c 2 )}. 

Since A = A n K k+1 , we can write A as a union of sets on which one of the 
conditions in (j4]) holds. For example, on 

B =AC\{(x,t) e | ord(t-cx) > ord(ci - c 2 )}, 

we have that ord (£ — c 2 ) = ord (ci — c 2 ), and therefore B is equal to the set 

B = {(x,t) eK k+1 |ord(ci-c 2 ) <ord(t-ci) < ord7r"(ci - c 2 )}. 

It is clear that B can be partitoned as a finite number of £dist-cells. The other 
cases are similar. □ 

Note our strategy: For the given language C, we first try to find a suitable 
set A of order-definable functions, such that we get a system of weak (£, A)- 
definable cells. To obtain a definitional expansion that has QE, we add symbols 
to L such that for each / G A, the relations 

ord f{x) < t + k and ord f(x) = I mod n 

are quantifier free definable in the extended language £ . To obtain QE for 
it is then sufficient to show that quantifier free ^'-definable sets can be 
partitioned as a finite number of (£, A)-cells. (Unfortunately, this last step may 
require quite a lot of work.) 
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3 Cell decomposition and definable (Skolem) func- 
tions 



3.1 Definable functions 

The example of £dist-definablc sets illustrates how we can use cell decomposition 
to obtain quantifier elimination results for a structure {K 1 C) . Cell decomposi- 
tion results also provide a lot of information concerning the definable functions 
of a given structure. For instance, all £dist-dcfinable functions must have the 
following form (and thus these structures have only trivial definable functions) : 

Lemma 3.1 Let f : AC K k — > K l be an dist- definable function. There exists 
a finite partion of A in dist-cells such that on each cell C the function f has 
the form 

f lc :C^K l (fi(x), f 2 (x), /„(*)), 

where fi(x) is either one of the variables {xi, . . . ,Xk} or a constant from K. 

Proof. First we note that / can be written as 

/ : A C K k -+ K l : x ^ {h{x), f n (x)), 

where the coordinate functions fi : K m — > K are all £dist-definable functions. 
Therefore it is enough to prove the lemma for the case 1 = 1. A function 
/ : A C K k — > K is £dist-dcfinable if and only if 

Graph/ = {(a;,*) e A x K \t = f(x)} 

is an £dist-definable set. This means there exists a finite partition of Graph / 
in £dist-cells G of the form 

{(a;, t) e D x K \ ordai(a;) Di ord (t — c(xj) D 2 orda 2 (a;), t — c(x) G XQ n ,m}, 

with c(x) a constant from K or a variable from {x\, . . . ,Xk}- But since / is a 
function, for each x e D there must be a unique t such that (x, t) e G. This 
uniqueness condition implies that A = 0, and thus G must have the form 

G = {(x,t) G Dx K \ t = c(x)}. 

□ 

3.2 Cell decomposition and Skolem functions 

When studying definable functions, another natural question to ask is whether 
a language £ has definable Skolem functions: for a given definable function 
/ : X — > Y, does there exist a definable function g : f(X) — > X such that 
fog = Id/( X )? 
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In the P-minimal context, Mourgues showed that a P- minimal structure 
(K, C) has definable Skolem functions if and only if the structure allows cell 
decomposition, using a notion of cells similar to what we called 'strong cells', 
i.e. using cells that are defined using only definable functions. When K is p- 
adically closed, this result can be extended to extensions of (K, £dist), if scalar 
multiplication by elements of the following set is definable: 

Lemma-Definition 3.2 The algebraic closure Q K of Q in K is the field con- 
taining all elements of K that are algebraic over Q. 

The field Q has the same residue field as K. Let ordif : K — > Tk be the 
valuation on K. There exists tt G Q such that ordi<-(7r) = 1. 

Proof. It is easy to see that Q K has the same residue field as K, since each 
x G Fjc is a simple root of X qK — X. The claim follows then by Hensel's 
Lemma. That Q contains an element 7r with ordx( 7r ) = lj follows by Lemma 
3.5 of Hi]. □ 



Theorem 3.3 Let K be a p-adically closed field. Suppose that C 3 Cdist and 
that multiplication by constants from Q is definable in (K,C). The struc- 
ture (K, C) admits strong cell decomposition if and only if (K, C) has definable 
Skolem functions. 

In fact, we actually obtain strong cell decomposition using continuous functions, 
since every structure is a reduct of a P-minimal structure. 

Proof. First assume that (K, C) has definable Skolem functions. This implies 
that, if (K, C) has cell decomposition, say using (£, A)-cells, then it admits 
strong cell decomposition. Indeed, let / : K k — > K be a function in A. Since / 
is order-definable in C, the following set is /^-definable: 

A := {(x,t) e K k+1 | ord/(a;) = t}. 

Consider the projection map ir x : A — » K k : (x, t) M> x. Since (£, K) has 
definable Skolem functions, there exists a definable function g : Im tt x —> A : 
x H> (x,a(x)) such that (ir x o f)(x) = x for all x £ ImTTa;. But then a(x) is a 
definable function, such that for each x G K k , ordf(x) = orda(x). 

We can now show that (K, C) has strong cell decomposition, using essentially 
the same proof as that of Mourgues. For this reason, we will only give a brief 
sketch of the proof, and refer the reader to [TT] for details. Let C be an extension 
of -Cdist, and S 1 C K n+1 an /^-definable set, defined by a formula 4>(y,x). As 
in [TT], using a compactness argument, it can be shown that there exists a 
quanificrfree £dist-formula ip(z,x) such that 

K \= Vy3z\/x((l>(y, x) <=> ip(z, x)). (5) 
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Write 7r n : K n+1 — > K n for the projection onto the first n coordinates. As 
in Lemma 3.3 of [11], it can follows from ([5]) that, if (K,C) has definable 
skolem functions, there exists to, an £dist-definable subset S of K m+1 and an 
^-definable function / : 7r„(S") — > K m such that for any y £ 7r n (5"), 

{x E K | (y,x) E S'} = {x 6 K | (/(y),z) £ 5}. 

Now use the same reasoning as in the proof of Theorem 3.5 of |11) . reducing to 
Aiist-cell decomposition instead of semi-algebraic cell decomposition. The only 
thing that needs some care is to check that the cell decomposition obtained is a 
strong decomposition, but this is an immediate consequence of the observation 
at the start of this proof. 

Next, assume that every function in A is /^-definable. If suffices to check 
that given an (£, A)-cell C and the projection map n x : C C K l+1 — > K l , there 
exists a definable function g : k x (C) —> C such that ir x o g = Idwcv 
If the cell C has a center c(x) ^ 0, we first apply a translation 

C -^C : (x,t) i — y (x,t-c(x)), 

to a cell C with center c'(x) — 0. Since this translation is bijective, it is 
invertible. Therefore the problem is reduced to the following. Let C be a cell 
of the form 

C = {(x,t) e D x K | ord6(a;)n 1 ordtn2 0rda(x), t E \Q n , m }, 

where a(x),b(x) are /^-definable functions and D is an (£, A)-precell. We 
must show that there exists a definable function g : tt x (C) — > C such that 
n x og = Id^c). 

Given x G tt x (C) C D, we have to find t(x) such that (x,t(x)) satisfies the 
conditions 

ord6(a;) Di ordt(x) O2 orda(a;) (6) 

t(x) £ XQn,m (7) 

If A = 0, put g(x) = (x, 0). From now on we assume that A^O. 

If Di = D2 = 'no condition', we can simply put g(x) — (x, A). 

If O2 = <, we can define g as follows. First partition tt x (C) in parts D^, such 

that 

= {x G tt x (C) I a(x) G nQ„, m }- 

(Note: if fi = 0, we can reduce to the cases were D 2 = 'no condition'.) Our 
strategy is based on the fact that for every x G D, there exists k £ Z such that 
k satisfies 

ord&i(a;) Diord A + kn < orda(x). 

Restricting to a set D^, we construct an element t(x) with order as close as 
possible to orda(x). This ensures that t(x) satisfies (]6]). The definiton of g on 
will depend on the respective orders of A and fi. 
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• If ordA < ord/i, we can define g\D^ &s g\D^ '■ — > C : x i— > yx, ^a(x)J . 

This means that we put t(x) = ^a(x). Clearly t(x) £ XQ n , m - Also, since 

— n < ord (~) < 0, we have that < ord j£± < n, and thus condition ([6]) 
must be satisfied. 

• If ord A ^ ord fi, put gp^ : — > C : a; i— > (x, — ^a(a;)^ . 

If Di = < and D2 = 'no condition', we choose t(x) with order as close as pos- 
sible to ord 6(2;). More specifically, if ord A ^ fx, define g as go^ ■ — > C : 

x h-> (x, ^-b(x)j , and if ord A > ord (i, put go^ ■ — > C : x M> (x, j;b(x)j ■ ^ 

If we omit the condition that K has to be p-adically closed, we obtain a 
weaker version of this theorem: we can no longer be assured that definable 
skolem functions imply the existence of cell decomposition, but if such a decom- 
position exists, it will be a strong decomposition. 

As before, Skolem functions will only be definable if we can define multipli- 
cation by enough scalars. Write Fk for the prime field of K. Choose a generator 
ttk of Rk- If the residue field ¥k = F p [aT, . . . ,04], choose elements a, G Rk 
such that ord (aj — at) > 0. Then put Kk '■= Fk [tt/c , 01, . . . , ad]. 

Corollary 3.4 Suppose that C ~D Cdist o,nd that multiplication by constants 
from Kk is definable in (K, C) . 

Let A be a collection of order- definable functions such that the structure (K, C) 
has cell decomposition using (C, A) -cells. The following statements are then 
equivalent: 

1. There exists a collection of C- definable functions A 1 such that (K,C) has 
cell decomposition using (£, A')-cells, 

2. The structure (K, C) has definable Skolem functions. 

The condition that multiplication by constants from M>k be definable in (K, C), 
is needed: for example the structure (K: +, — , D^ 4 \ {R n .m}n,m) does not have 
definable Skolem functions for most (¥ q , Z)-fields because we cannot define mul- 
tiplication by enough scalars (in this structure, scalar multiplication is only 
definable for elements of Vk)- 

4 Subaffine structures 

In this section we study some expansions of the language £dist (or rather C' dist as 
we would like to achieve quantifier elimination whenever possible) . We call these 
expansions subaffine because we will only be considering structures (K, C) that 
are affine in the sense that there does not exist any open subset of K 2 on which 
multiplication is /^-definable. They are subaffine because addition should not 
be definable on all of K 2 . 



14 



A first, rather trivial example of such an expansion is the language we obtain 
by adding symbols c for the scalar multiplication c : x M> ex. 

Ck ■= {c}ceK U C' dist . 

Take fields F,K and q, q' G N such that F is an (¥ g , Z)-field, X is an (F 9 ,,Z)- 
ficld and F D K. Define the set Ak,f to be \J k( - N A K F , where A k K F is the 
following set of polynomials 

^k,f : = i ax + by \ a,b G K;x,y € {xi,..., x k } U F}. 

It is easy to see that the structure (F, Ck) has cell decomposition and quantifier 
elimination using (Ck, A^-^-cells. The proof is almost literally the same as 
the corresponding proof for £dist- Moreover, the scalar multiplication functions 
we added are in fact the only non-trivial functions, or to be more precise: 

Lemma 4.1 Let f : A C F k — > F l be an Ck -definable function. There exists 
a finite partition of A in (Ck, Ak,l)-ccIIs such that on each cell C the function 
f has the form 

f ]c :C^K l :x^(f 1 (x),f 2 (x),...,fi(x)), 

where fi (x) is either a constant from F or fi (x) — axj , with a E K and Xj one 
of the variables {x\, . . . ,Xk}- 

Structures (F, Ck) do not have definable Skolem functions, as can be seen from 
the following counterexample: 

Lemma 4.2 Let IT be the projection map 

II : A ~ {(x, y, z)GF 3 | ord z = ord (y - x)} -> F 2 : [x, y, z) H> (x, y). 
There exists no Ck- definable function f such that II o / = Idi mn . 

Proof. Suppose that such a function / exists. Up to a finite partition of n(A) 
in cells |J Cj U |J Dj , this function will be of one of the forms 

f\d ■ C ->■ F 3 : (x, y) i-> (x, y, a t ) or f\ D . : Dj ->■ F 3 : (x, y) i-> (x, y, bjXj), 

with a,i G F, bj G K and Xj is one of the variables x and y. 
On cells Ci, we use a function of the form (x, y) i— > (x, y, a^), which implies that 
ord (2; — y) = ordai for all (x,y) G C,. As our partition is finite, we can only 
have a finite number of cells of this type. Put M :— max^ ordaj, then all tuples 
(x, y) for which ord (x — y) > M will be contained in (J _Dj. For each fc > 0, this 
set contains elements (x, y) that satisfy 

ord x = ord y < M A ord x — y = ord x + fc, 

which means that we would need a partition in an infinite number of parts Dj 
to define /. □ 
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This counterexample suggests that it might be impossible to have definable 
Skolem functions in a language where addition is not definable. This is our main 
motivation for studying subaffine structures: we will consider a language that 
has a restricted form of addition, and see whether this languages allows us to 
define Skolem functions. We will consider the following the functions EB,r and 
Br, defined by 



: K 2 K : (x,y) ^ 



x + y x,y £ R K 
otherwise, 



and analogously for Br, with + replaced by — . 
For these functions, we will study the language 

C® tK :={B,B}U£ K . 

Let F D K be (¥ q , Z)-fields, resp. (W q > , Z)-fields. We will verify that a 
structure (F,£& RtK ) has cell decomposition and quantifier elimination for the 
language 

£-m R ,K '■= {fflfl, Bfl} U Ck- 



Definition 4.3 Let (F,£^ rK ) be a structure. 

Write Poly fflj _, K for the set of functions that can be defined as a composition of 
the functions Br, Br and c for c £ K, combined with variables x\, X2, ■ ■ ■ and 
constants from F. 

It is important to stress that these expressions do not entirely behave like poly- 
nomials. More precisely, we have to be aware that distributivity does not always 
hold. For example: suppose < k\ < k 2 < fc 3 , then 

7r -fe 2 ( 7r fc 1 ffli?7r fe 3 ) ^i-fes s R TT k3 - k2 =0. 

First we need to define a notion of cells for this context. 
Definition 4.4 Let &m R ,K be the set 

(J{a(xi, ...,x r )- b(xi,.. .,x r ) I a(x),b(x) £ Poly fflj? K }. 

A subset of F k is called a (Br, K) -cell if it is a (C^ R _ K , A^ R _ K )-cell and the 
center is a function from Poly fflj? K . 

In the next lemmas, we will show that, up to a finite partition in cells, Poly fflfi K - 
functions can always be written in a fairly simple way. Note that for every 
70 £ Tk, the following function is (quantifier free) definable: 



{ 



j x + y ordx,ordy ^ 7o 
■ {x,V) ^ 1 o otherwise 



Moreover, we have the following calculation rule. For every a £ K;b, c £ F, 76 

r^: 

a(b EB 7 c) = ab EB 7+or d a ac. 
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Lemma 4.5 Take 7 € Tk,cl G X; d(x),h(x) G Poly ffln K . Let □ denote '<', 
'>' or Tfte set 

S 1 := {(a:,t) G | ord (at ffl 7 d{x)) □ ordft,(ir)} 

can 6e partitioned as a finite union of (Sr,K)- cells. 

Proof. First note that we may suppose that a = 1 (if at ^ 0), since 



/ d(aO\ 
ord (at EB 7 d(x)) □ ordh(x) ord U ffl 7 _ orda — — J □ ord • 

Put a = 1. The set S* can then be partitioned as the union of the following three 
sets: 

S = {(x, t) G F k+1 I ordt < 7 A ordO □ ordh(x)} 

U {(x,t) G F k+1 I ordi ^ 7 A ordd(x) < ordj A ordODordft,(a;)} 
U ({(x,t) G L fe+1 I ordt ^ 7 Aordd(x) ^ 7} 

H {(x,t) G F fe+1 I ord(i + d(x)) □ ord/i(x)}) 

The first two sets are cells. The third set is the intersection of two (ffl.R, .fiQ-cells 
and thus again a finite union of cells by Theorem 12. II □ 



Lemma 4.6 For x = (x\, . . . ,x n ), andt one variable, let the functions fi(x,t), 
. . . , f r (x, t) be in Poly [5 K . F k+1 can be partitioned in a finite number of cells 
A, such that on each cell A there are 71, . ..,7 r G Tr, such that either 

fi(x,t) = hi(x) or fi{x,t) = a t t or fi(x,t) = a t t EB 7i di(x), 

with a, G K, and hi(x),di(x) are in Polyg H K . 

Proof. We will work by induction on the number of compositions. Suppose the 
lemma holds for functions / and g. It suffices to check that the lemma also 
holds for c o / and / EB^ g. Take a suitable decomposition into cells A. Choose 
c G K. For all (x, t) G A, the function co / will have one of the following forms: 
either 

(c o f)(x, t) — c o hf(x) or (co f)(x,t) — caft, (8) 

or 

[cof)(x,t) = c(a/iffl 7/ d f (x)). (9) 
If we have functions as in (|8]), we are done. We can rewrite ((9J as 

c(a.ft EB 7/ df(x)) — cuft ffl 7/ + or dc (c o df(x)). 
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We can apply a similar reasoning to the function (/ EB^ g). In most cases, it 
is obvious that the function has one of the required forms. The only nontrivial 
cases are when (/ EB# g) has one of the following forms for (a;, t) G A: 

{ajt fflij (a g t ffl 7s d g (x)) (case 1) 

h f (x) fflfl (a g t EB 7s d g {x)) (case 2) 

(a/tffl 7/ df(x)) fflfl (a 9 iffl 7s d g (x)) (case 3) 

Remember that the set {(x, t) G -Fl | ord (ai EB 7 d(x)) > 0} can be written as 
a finite union of cells, by Lemma 14.51 

We will check that the lemma holds in case 3 (Case 1 and 2 are similar). Parti- 
tion A further in cells such that either ord (aft EB 7/ df(x)) < 0, or ord (aft EB 7/ 
df(x)) ^ for all (x,t) G A (and similarly for g). We only need to consider 
cells where ord (aft EB 7/ df(x)) ^ and ord (a g t EB 7s df(xj) ^ as our claim is 
trivially true on other cells. Partition these cells further depending on the order 
of aft,a g t,df(x),d g (x). The only case that is not immediately obvious is when 

orda/i ^ r jf,orddf(x) ^ 7/,orda s t ^ j g and ordd g (x) ^ j g . 

Let C be such a cell. Without loss of generality, we may suppose that 7/ ^ 7 g . 
For (x, t) 6 C we find that 

(/ffl fl fl)|c = (a f tm if df(x))m R (a g tm ig d g (x)) 
= {a s +a g )t+(d s (x)+d g (x)) 
— (af + a g )t EH 7/ (df(x) EB 7/ d g (x)). 

□ 

Proposition 4.7 ^4ny Cfs n - definable set can be partitioned as a finite union of 
(m R ,K)-cells. 

Proof. First we show that quantifier-free definable sets can be partitioned as a 
finite union of cells. Because of Theorem 12.11 it is sufficient to check that sets 
of type Si or S 2 can be partitioned as a finite union of cells: 

51 := {(x,t) G F k+1 I h(x,t) - f 2 (x,t) G \Q n , m }, 

5 2 := {(x,t) G F k+1 I ordf 1 (x,t) - f 2 (x,t) < ord f 3 (x,t) - f 4 (x,t)}, 

where the fi(x,t) are functions from Poly fflj? ii -. Intersect the sets Si and 
S 2 with sets {(x,t) G F k+1 I ord/^rM) □ oid fj(x,t)} or {(x,t) G F k+1 \ 
ord fi(x, t) □ ord hj(x)} 7 where □ may denote <, = or >. When we apply The- 
orem 12.11 and Proposition 14.61 to these intersections, it is easy to see that it 
suffices to check that the sets Si and S 2 

Si := {(x, t) G F k+1 I ait EE! 7l di (a) G \Q„, m ], 

S~ 2 := {(x,t) G F k+1 I ord(a 2 tffl 72 d 2 (x)) < ord (a 3 t EB 73 d 3 (x))}, 
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can be partitioned as a finite union of cells for all 7$ £ Yk and di(x) £ Poly^ K . 
For Si this follows from the observation that the expression at EB 7 d[x) £ XQ n m 
is equivalent with 



[ ord at < 7 A A = 0] V [ord at ^ 7 A ord d(x) < 7 A A = 0] 

V 



ord at > 7 A ordd(x) > 7 A It — ) £ —Q n 



a 



— . . ~(i) — 

For the set S2, note that we can restrict our attention to S 2 := S 2 Hj4^, with 

A> ■= {(x,t) £ F k+1 \ordaJ > 7i Aorddj(x) ^ 7,, for i G {2,3}}, 

since it follows easily from Theorem 12.11 that S^S^ ^ can be partitioned as a 
finite union of cells. Write d'^x) = ~ di ^"0 , Now ' is equal to the set 

5 , 2 (1) = {(a:,*) G A> I orda 2 (t - d' 2 {x)) < orda 3 (t - d' 3 (x))}. 
For □ = '<', '=', or '>', put 

Bp :={(x,t) eif fc+1 I ord(t-d' 2 (x)) □ ord (4 (a;) - d' 3 (x)}. 



Then s 2 = yS 2 n b< J u \^s 2 n b = J n ^s 2 n b ; 

Now if ord(t-4(.x)) < ord (d' 2 (x) - d' 3 (x)) , then ord (t-d^(x)) = ord (t-d' 2 (x)), 
so 

& W nB< = A > nB < n{(x i t) £ F k+1 |orda 2 < orda 3 }. 

By Theorem 12. 11 this can be written as a finite union of cells. The situation is 
similar when we intersect with B— or B > . 

The fact that quantifier-free definable sets can be partitioned as a finite union 
of cells, also implies that for all a, £ £±m R ,K , the relation ordc^ = I mod n can 
be defined using precell relations. Because of this, structures (F,C^ r K ) have 
quantifier elimination by Lemma 12.21 

□ 

The following classification of the definable functions is an immediate conse- 
quence of this proposition. 

Corollary 4.8 Let f : A C F e -> F r be an £fB R ,K~ definable function. There 
exists a finite partition of A in cells C , such that on each cell C , 

f\ C (x) = {h(x),...fr(x)), 

where f t (x) £ Poly fflR K , for i = 1, . . . , r. 

Proposition 4.9 The addition function + : F 2 — > F : (x,y) H> x + y is not 
definable in £p H 
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Proof. Suppose addition is definable, say by some function /. Applying Corol- 
lary 14.81 and Lemma 14.61 We can partition F 2 in cells Cj and Di such that 



f\d {x,y) 



cnx EB 7il (biy EB 7i>2 Cj), 



and 



f\Di( x ^y) = a i x 01 f\Di(z,y) = hy or f\ D .(x,y) = a, 

for some Oj,&j,G if, Cj £ i 7, and 7.;. 1,7^2 £ r^r- The precise value of these 
constants depends on Ci. Put 7 := min^^^i}. Clearly all elements (x,y) for 
which ordaja; < 7 must be contained in the cells Di since for such elements, 



It is clear that the functions /i D . cannot be used to define addition on a large 
enough set, which proves that the addition function '+' is not definable. □ 

The fact that addition is not definable is caused by the fact that we have re- 
stricted multiplication to multiplication by a constant. More precisely, the rea- 
son is the following (for simplicity, suppose that T k is Z). In our language, it is 
impossible to take a 'limit' for oidx going to ~oo. In a language with normal 
multiplication, we do not have this restriction, and as a consequence '+' can 
easily be defined in such a language. Take for example the language £ = (Br, •)■ 
For any x,y G K with ordx ^ ordy and x ^ 0, we can define addition using 
the following equality. 



It is also not hard to see that definable Skolem functions do not always exist for 
Cm R k ■ Indeed, this follows from the following counterexample. 

Lemma 4.10 Let II be the projection map 

n : {(x,y,z) G F 3 | ordz = ord(y-x)} -> K 2 : (x,y,z) i-» (x,y)}. 
There exists no Cgj R ,K -definable function f such that Ho f — Idi mn . 

Proof. Put A — {(x, y, z) E F 3 ord z = ord (y — x)}. Suppose / : 11(A) — > A is 
a definable function for which II o / = Idi mn . By Corollary 14.81 there exists a 
partition of H(A) in cells Ci and Di such that 



with dj G K,ji G Tk and hi G Po\y^ R K . Note that f\d(x,y) = (x,y,0) for 
elements (x, y) for which orda^x < 7i. So the sets Di must contain all (x, y) for 
which ord a; is too small. However, it is easy to see that the functions f\jj t do 



f\d(x,y) = 0^ x + y. 




f\d( x ,y) = {x,y,OiX ffl 7l K(y)), 



and 



f\Di(x,y) = (x,y,a,ix), or f\ Di (x,y) = (x,y,hi(y)), 



20 



not satisfy our requirements. 



□ 



This is a confirmation of our conjecture that a structure where addition is 
not definable does not have definable Skolcm functions. Take for example the 
structure (F, £^ r F ). If we fix any constant 7 S Tp, we can define addition for 
the set {(x,y) 6 F 2 | minjorda;, ordy} > 7}. Taking smaller and smaller values 
for 7, we can thus define addition on very large open subsets of F 2 , but still not 
large enough to enable us to define Skolem functions. 
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